In this paper, we present necessary and sufficient conditions of convergence of the Generalized Riccati equation and stability for the state estimator developped in [1] .
Introduction
In a recent paper, [1] , we have developed a simple algorithm for the state estimation of stochastic singular linear systems based on the least squares method. In this paper, we shall consider the problem of convergence and stability of the obtained generalized Riccati equation and the associated state estimator. The approach is based on the orthogonal transformation and leads to a standard Riccati equation. The organization of this paper is as follows : section 2 contains a summary of main results, section 3 develops the method for the convergence and stability study, section 4 presents a numerical example and section 5 contains conclusion and remarks.
Summary of the results
Consider the stochastic singular linear system of the form
where x k ∈ IR n is the state vector and z k ∈ IR m is the output vector. E ∈ IR p×n , A ∈ IR p×n and H ∈ IR m×n are constant matrices (if n = p, E may be singular). w k and v k are zero mean white sequences with
where δ kj is the Kronecker delta.
In [1] , we introduced the notion of estimability for system (1)-(2) and proved the following theorem. In what follows, we assum that
In this case, if the initial state x 0 is assumed to be gaussian with mean x 0 and covariance P 0 > 0, uncorrelated with w k and v k , then the recursive state estimator in the least squares sense is given by [1] 
where
is the estimation error covariance matrix, with P 0/0 = P 0 and x 0/0 = x 0 . Equation (4) represents a generalized Riccati difference equation (GRDE). Now we can give the following results which play the key roles in the proof of the convergence of (4) and the stability of filter (3).
where E 1 ∈ IR n×n is a non-singular upper triangular matrix.
The proof of this theorem in given in [2] .
= n ∀s ∈ C, |s| 1 where
then, from Theorem 2, there exists an orthogonal matrix T such that
where E 1 ∈ IR n×n is a non-singular matrix. Then we have
Convergence and stability analysis
In this section, we shall be interested in the question of the convergence of the filter (3)- (4), that is in the existence of the limiting solution P of the GRDE (4). If this solution exists, then it satisfies the following generalized algebraic Riccati equation (GARE)
and the asymptotic filter equation is
From the previous results and from [3] , we can give the following theorem for the existence and uniquiness of the strong and the stabilizing solutions of the GARE. These solutions are defined as follows.
Definition 1. [Strong and stabilizing solutions]
A strong solution of the GARE is a real symmetric non-negative definite solution for which the corresponding steady-state filter transition matrix has all its eigenvalues inside or on the unit circle. If all eigenvalues are inside the unit circle, the solution is called the stabilizing solution.
then the GARE has a unique strong solution if and only if
by assumption, we have, from Theorem 2,
where T T T = I and E 1 ∈ IR n×n with det E 1 = 0. The GARE can then be written
The inverse of partitioned matrices applied to (5) gives
or equivalently, since E 1 is non-singular
with [4, 5] . This case can be handled like the uncorrelated case by defining
From Theorem 3.2 in [3] , the strong solution of (7) exists and is unique if and only if (C, F s ) is detectable. This is equivalent to
= n ∀s ∈ C, |s| 1
and from Lemma 1, we have rank sE − A H = n ∀s ∈ C, |s| 1
•
The same orthogonal transformation applied to the filter (3) and the GRDE (4) gives
and
The convergence conditions of the GRDE (4) and the stability of filter (3) are given by the following theorem.
Theorem 4. Subject to P 0 > 0, then the detectability of (C, F ), or equivalently rank sE − A H = n ∀s ∈ C, |s| 1 and the non-existence of unreachable mode of (F s , D) (where D is any square-root of Q s ) on the unit circle are the necessary and sufficient conditions for
where P is the unique solution of the GARE.
Proof. Since (3) and (4) are equivalent to (8) and (9), the proof is given by [3] .
•
Numerical example
As an numerical example, we consider the singular discrete-time system used in [1] , described by which shows that the filter is stable.
Conclusion
In this paper, a new approach for studying the convergence and stability of the generalized filter developed for stochastic singular linear systems is proposed. The method uses an orthogonal transformation of the pair (E, H) and leads to the standard algebraic Riccati equation. The necessary and sufficient conditions of convergence and stability are derived. 
